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Abstract 
A graph G = G(EE) with lists L(v), associated with its vertices v E V, is called L-list 
colourable if there is a proper vertex colouring of G in which the colour assigned to a vertex v 
is chosen from L(v). We say G is k-choosable if there is at least one L-list colouring for every 
possible list assignment L with IL(v)l = k Vv E V(G). 
Now, let an arbitrary vertex v of G be coloured with an arbitrary colour f of L(v). We 
investigate whether the colouring of v can be continued to an L-list colouring of the whole 
graph. G is called free k-choosable if such an L-list colouring exists for every list assignment L 
(IL(v)] = k Vv E V(G)), every vertex v and every colour f E L(v). We prove the equivalence 
of the well-known conjecture of Erd6s et al. (1979): "Every planar graph is 5-choosable" with 
the following conjecture: "Every planar graph is free 5-choosable". 
1. Introduction 
Ordinary graph colourings and their generalizations and variations are an interesting 
topic not only for mathematical investigations but also for practical applications [?]. 
For problems derived from practice it is sometimes required to choose a colour for 
a vertex v from a list L(v) of allowed colours. A graph G -- G(V,E) is called L-list 
colourable if there is a colouring f of  vertices of  G with: 
1. f (u)  ~ f (v)  V(u,o) E E(G), 
2. f (v)  E L(v) Vv E V(G). 
G is called k-choosable if G is L-list-colourable for every assignment of  lists L(v) 
where each L(v) has exactly k elements. 
L-list colourings were first investigated by Vizing [?] and Erd6s et al. [?]. This 
topic has also been studied by Lov~isz [?, Ch. 9], Albertson and Berman [?], Tesman 
[?], Mahadev et al. [?] and Alon and Tarsi [?]. There have also been numerous inves- 
tigations about similar ideas for edge colourings. 
It is easy to see that the ordinary chromatic number z(G) is less than or equal to the 
choice number oh(G) (the smallest k so that G is k-choosable). But, for given n E N, 
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we can always find a graph G with ch(G) -  z(G) > n [?]. However, this is not true 
for planar graphs. Therefore, the choosability of planar graphs is a special topic of 
interest. Every planar graph is 6-choosable [?], and Alon and Tarsi [?] showed that 
every planar bipartite graph is 3-choosable. 
In 1979, Erd6s et al. [?] conjectured: 
1. every planar graph is 5-choosable, 
2. there are planar graphs which are not 4-choosable. 
The second conjecture was proved by the author in 1993 [?]. Hence, the investigation 
of the first conjecture gets a new importance. We will give an equivalent formulation of 
this conjecture using the result that there are planar graphs which are not 4-choosable. 
2. The concept of free k-choosability 
In the following, the colours are denoted by numbers 1,2 .... 
The k-choosability of a graph G requires the existence of at least one L-list colouring 
for every list assignment L ([L(v)l -- k Vv E V(G)). Now we demand the existence of 
a 'complete set' of special L-list colourings for every such list assignment L.
Definition. G is called free k-choosable if for every list assignment L ([L(v)[ = k 
Vv E V(G)), for every vertex v E V(G) and for every colour f E L(v) there exists an 
L-list colouring ¢Pv,f with ¢pv,f(v) = f .  
Lemma 1. (1) Every free k-¢hoosable 9raph is k-¢hoosable. 
(2) There are k-choosable 9raphs which are not free k-choosable. 
The first part holds by definition. For the proof of the second part of the lemma 
see Fig. 1. The graph in this figure is 2-choosable (this is easy to see) but not free 
2-choosable since colour 1 cannot be taken from list (1, 3) on the fight-hand side. 
We have seen that the property 'to be free k-choosable' is a stricter equirement for 
a graph than the property 'to be k-choosable'. 
Now, assume the graph G' is k-choosable but not free k-choosable, this means: 
There is a list assignment L' ([L'(v)[ = k Vv E V(G')), a vertex v* E V(G') and a 
colour f '  E L'(v*) such that ~p(v*) E L'(v*) \ {f '} for all U-list colourings ¢p of G'. 
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In the following, such a vertex v* is called a bad vertex. 
Lemma 2. Let G' be a graph which is k-choosable but not free k-choosable, v* a bad 
vertex of G' and ~ := {f l , f2  ..... fk-1} an arbitrary set of k -  1 colours. There 
exists a list assignment Lv.,.~ ([L(v) I = k Vv E V(G)) so that qY(v*) E J~ is satisfied 
for every Lv*, ~-list colouring (p'. 
Proof. Let v* be a bad vertex. We use the known list assignment L' with 
qg(v*) E U(v*) \ {f '} (for all U-list colourings of G) and rename the colours in 
a suitable way: Let {f l , f2  . . . . .  fn} : :  Uvev(c,)L'(v) be the set of colours appear- 
ing in the list assignment L'. Define an injection ~k : {f l , f2 , . . . , fn}  ~ N assigning 
L'(v*)\  {f ' )  to ~ and (for example) qJ(fi):= i+max({ f l , f2  ..... f , )  U~, ~)  for all 
f iq~L ' (v*) \  {f '}.  [] 
Lemmas 1 and 2 show that there is an important difference between the concepts 'k- 
choosability' and 'free k-choosability'. Therefore, it seems that the conjecture 'Every 
planar graph is free 5-choosable' is stronger than 'Every planar graph is 5-choosable'. 
Nevertheless, we will prove that they are equivalent. 
3. Choosability of planar graphs 
Theorem 1. The following conjectures are equivalent: 
(1) every planar 9raph is 5-choosable, 
(2) every planar graph is free 5-choosable. 
Proof. (2) ~ (1): Trivial. 
(1) ~ (2): Assume there is a planar graph G' which is not free 5-choosable. Using 
G' we will construct a planar graph G* which is not 5-choosable in contradiction to 1. 
1. Let G 4 be a planar graph which is not 4-choosable [?] with an m-element vertex 
set V(G 4) = {vl,v2 ..... Vm} for some m. Let L 4 be a list assignment with IL4(v)] = 4 
Vv E V(G 4) and G 4 is not L 4- list colourable. 
2. Choose a bad vertex v* of G'. Furthermore, let G' be embedded in the plane in 
such a way that v* belongs to the boundary of the exterior face. 
! ! 
Take m copies G~, G 2 . . . . .  G,~ of this graph with the bad vertices Vl,V2,...,v m . *  * * 
3. Define G*(V*,E*): 
v* := 0 v(6;), 
m 
E* := UE(G~)U {(v*,v~)[(v,,vj) E E(G4)}. 
i=! 
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4. Determine a list assignment L* with IL*(v)l = 5 Vv ~ V*(G*) in the following 
way: rp(v~) E L4(vj) is satisfied for every L*-list colouring tp of G~ (j = 1,2 .. . . .  m). 
Because of Lemma 2, this is always possible. 
It is easy to see that G* is planar: embed G[ inside a face whose boundary contains 
vi in (34 and identify vi with v~'. 
Assume G* is 5-choosable. Then there exists an L*-list colouring tp* of G* with 
tp*(v~) E L4(vj) for all j --: 1,2 .. . . .  n. Hence, G 4 is L4-1ist colourable in contradiction 
to the assumption. [] 
Therefore, the conjecture from 1979 can be changed to the following one: Every planar 
graph is free 5-choosable. 
Perhaps, this equivalence is useful to prove this intriguing conjecture. 
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